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Abstract
We consider a generalized three-dimensional theory of gravity which
is specied by two elds, the graviton and the dilaton, and one pa-
rameter. This theory contains, as particular cases, three-dimensional
General Relativity and three-dimensional String Theory. Stationary
black hole solutions are generated from the static ones using a simple
coordinate transformation. The stationary black holes solutions thus
obtained are locally equivalent to the corresponding static ones, but
globally distinct. The mass and angular momentum of the stationary
black hole solutions are computed using an extension of the Regge




A few years ago, Ba~nados, Teitelboim and Zanelli (BTZ) showed that
three-dimensional General Relativity with a negative cosmological constant
admits a black hole [1]. This solution exhibits many of the characteristics
of four dimensional black holes: it arises from the gravitational collapse of
matter [2], it is a thermodynamic object with a well dened temperature and
entropy [3] and it can be matched to a three-dimensional perfect uid star [4].
Furthermore, the BTZ black hole can be transformed into a four-dimensional
black string in General Relativity [5] (for a review see [6, 7]).
A interesting aspect of the BTZ black hole lies in its relation with string
theory. This black hole was shown to be also a solution to low energy string
theory with a non-vanishing antisymmetric tensor [8, 9]. Under duality it is
equivalent [8] to a black string [10] which, in the non-rotating case, is sim-
ply the three-dimensional black hole obtained by taking the product of the
two-dimensional string black hole [11, 12] with S
1
. It was further shown by
Kaloper [9] that the BTZ black hole is also a solution of topologically mas-
sive gravity. Thus, the BTZ black hole is a solution of alternative theories of
gravity. That fact has attracted considerable interest to the study of black
objects in three-dimensional theories of gravity and led to some generaliza-
tions of the BTZ black hole.
Of particular interest are the generalizations of the BTZ black hole which
are achieved by the introduction of a dilaton eld [13, 14]. One such gen-



















where g is the determinant of the three-dimensional metric, R is the curvature
scalar,  is a scalar eld,  is a constant and ! is the three-dimensional
Brans-Dicke parameter. Each dierent ! yields a dierent dilaton gravity
theory; ! =  1 corresponds to the low energy string action with vanishing
antisymmetric tensor eld, ! = 0 corresponds to a theory related to four-
dimensional General Relativity with one Killing vector and for ! = 1
one obtains three-dimensional General Relativity. Despite its simplicity, the
dilaton gravity theory given by the above action admits a very rich structure
of black hole solutions.
In a previous work [14], we have found and analysed, for the full range of
2
values of the parameter !, the static black hole solutions obtained from (1)















; 0  '  2: (2)







































































; ! 6=  1: (5)















the constant a is related to  and !.
For ! =  1, which corresponds to the low energy three-dimensional string
theory with a vanishing antisymmetric tensor eld, the metric gives sim-
ply the three-dimensional Minkowski spacetime and the dilaton is constant.
Thus, in what follows the case ! =  1 will not be considered.
The causal structure, the geodesic motion of null and timelike particles
in the black hole geometries and the ADM masses of the black hole solutions
(3)-(5) were analysed in detail in ref. [14].
Recently, Cadoni [15] has analysed, from the point of view of duality
symmetries, the theory given by action (1) and recover, in particular, the
static solution (3).
3
The purpose of this paper is to generalize the static black hole solutions
(3)-(5) in order to include rotation.
2. Stationary Black Hole Solutions
Stationary black hole solutions of action (1) can be generated from the






' ! '  t; (9)
where ,  and a are constants. The stationary black hole solutions thus
obtained are locally equivalent to the corresponding static ones, but globally
distinct for each value of the parameter  [16].
Applying the above coordinate transformation to solutions (3) and (4) one















































































































































The dilaton eld is given by eq. (5).
For the case ! 6=  
3
2
; 1, in order to have the standard form of the anti-











choose  = 1.
4
The ! = 0 stationary black hole was discussed in ref. [17], where the
three-dimensional gravity theory was obtained through dimensional reduc-
tion from four-dimensional General Relativity with one Killing vector eld.
This solution was further generalized to include charge [18]. Some of these
black hole solutions were also analysed in ref. [19]; the action considered there







To dene mass and angular momentum for the black hole solutions (10)-
(11) we apply the formalism of Regge and Teitelboim [20] (see also [14, 17]).























(r) is the lapse function, N
'
(r) is the shift function, f(r) and H(r)
are some functions of r.








































































and B is a surface term.
Upon varying the action with respect to f(r), H(r), (r) and (r) one
picks up aditional surface terms, which have to be canceled by B (in order
that Hamilton's equations are satised):
B =  tNM +tN
'
J; (14)

















































We choose the zero point of energy in such a way that the mass and
angular momentum vanish when the horizon size goes to zero. This means





















which asymptotically coincides with the anti-de Sitter spacetime. For ! =
 3=2 the above described procedure of choosing the zero point of energy
does not apply, since for any (positive) value of b one still has a black hole
solution. In other words, the black hole spectrum is unbounded and there
is no ground state. Thus, for ! =  3=2 the zero point of energy is choosen
(arbitrarily) to correspond to the black hole solution with b = 1.
Inserting in eqs. (15) and (16) the solutions (5), (10) and (11) one obtains

























































J = 0: (21)




consider the solutions with positive mass, M > 0. Using eqs. (18) and (19),
























































































































; ! =  2: (23)


















The condition that 
 remains real imposes for  1 < ! <  2 and  1 <





(! + 1)(! + 2)
: (25)
The metric components become singular at r = 0. An inspection of the





























































; ! =  2; (29)
shows that r = 0 is a curvature singularity for  
3
2




 1 the curvature singularity is located at r = +1 and the surface r = 0
corresponds rather to a topological singularity.
Depending on the values of the parameter ! and the relation between the
mass and the angular momentum, the metric components can also become





corresponds to the horizon. For  1 < ! <  2 there is always an horizon




surface never exists, i.e., there are no black hole solutions with positive mass
for this range of values of !. For  1 < ! < +1 the situation is similar to
the one occurring for the four-dimensional spinning black hole, namely, the
horizon exists for jaJ j < M . Note, however, that the extreme case jaJ j = M
is not anymore a black hole, but rather a naked singularity. A rather exotic
behaviour occurs for ! =  2 and  
3
2
< ! <  1; for these values of ! the
black hole has to spin very fast, jaJ j > M ; as soon as the angular momentum




< ! <  1 there is a topological singularity at r = 0. For
this reason the spacetime manifold cannot be extended for negative values
of r, contrary to the two-dimensional case [21].
Table 1 gives a summary of the conditions imposed on the angular mo-
mentum of the positive mass black holes.
For ! = 1 and jaJ j < M , contrarily to cases mentioned above, the





. Indeed, for r = 0
there are no curvature or topological singularities and thus spacetime can be
extended for negative values of r. By performing the coordinate transfor-









, one obtains the usual
form of the BTZ black hole metric with outer and inner horizons. This so-
lution was extensively analysed in refs. [22, 6]. The Penrose diagram can be
innitely extended, similary to the Penrose diagram of the four-dimensional
Kerr black hole. The surface r = 0 is timelike and corresponds to a singu-
larity in the causal structure and thus the solution cannot be extended for
negative values of r. Here, contrary to the case ! 6=1, there is an extreme
black hole, obtained for jaJ j = M . For J = 0, the solution admits only one
horizon and the causal structure is similar to the one exhibited by the black
hole solutions corresponding to  1 < ! <  2 and  1 < ! < +1, with the
exception that the spacetime surface r = 0 is a Taub-NUT type singularity
in the manifold, rather than a curvature singularity.
For M > 0 the g
''
component of the metrics (22) and (23) is always
positive, which implies that there are no closed timelike curves.
We have been considering only solutions with positive mass, but in fact
there is no reason to exclude the solutions with negative mass from the
physical spectrum, since they do not correspond to naked singularities, but
rather to black holes. An analysis identical to the one carried above for the
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positive mass black holes can also be performed. In table 1 we summarize
the conditions that angular momentum must obey in order that the negative
mass solutions correspond to black holes. We also remark that these solutions
admit closed timelike curves. Indeed, the coordinate ' becomes timelike in a
certain region of spacetime. Since this coordinate is periodic one concludes
that there are closed timelike curves in this region of spacetime.




The stricking feature of this solution is that both surfaces r = 0 and r =

















diverge for r = 0 and r =1.
The condition that M remains real imposes that the constant b has to





(see eq. (20)). For any value of the constant b in





, the solution has an horizon, given by br = 1.
The zero point of energy was chosen (see above), so that the black hole has
zero mass for b = 1. This choice of the ground state divides arbitrarily
the mass spectrum in states with positive and negative masses. Note that
although there is dragging of inertial frames, the angular momentum of the
solution is always zero (see eq. (21)). This kind of behaviour is unexpected
for a stationary solution. The g
''
component of the metrics (11) becomes










g. Thus, there are closed timelike curves
in the region 0 < r < r
CTC
.
The solution for ! =  
3
2
is thus a non-spinning black hole with closed
timelike curves.
The Penrose diagrams of the stationary black hole solutions described
above are identical to the Penrose diagrams of the static black holes (see
ref. [14]), so they will not be reproduced here.
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Range of ! Black holes with M > 0 Black holes with M < 0






! =  2 jaJ j > M jaJ j < jM j











< ! <  1 jaJ j > M jaJ j < jM j







Values of the angular momentum for which the black holes have positive and
negative masses.
12
